
This article was downloaded by: [Tomsk State University of Control
Systems and Radio]
On: 19 February 2013, At: 13:10
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number:
1072954 Registered office: Mortimer House, 37-41 Mortimer Street,
London W1T 3JH, UK

Molecular Crystals and
Liquid Crystals Incorporating
Nonlinear Optics
Publication details, including instructions for
authors and subscription information:
http://www.tandfonline.com/loi/gmcl17

Generalized Freedericksz
Transition in Polymer
Nematics
U. D. Kini a
a Raman Research Institute, Bangalore, 560080,
India
Version of record first published: 13 Dec 2006.

To cite this article: U. D. Kini (1987): Generalized Freedericksz Transition in
Polymer Nematics, Molecular Crystals and Liquid Crystals Incorporating Nonlinear
Optics, 153:1, 1-14

To link to this article:  http://dx.doi.org/10.1080/00268948708074520

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/
terms-and-conditions

This article may be used for research, teaching, and private study
purposes. Any substantial or systematic reproduction, redistribution,
reselling, loan, sub-licensing, systematic supply, or distribution in any
form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any
representation that the contents will be complete or accurate or up to
date. The accuracy of any instructions, formulae, and drug doses should
be independently verified with primary sources. The publisher shall not
be liable for any loss, actions, claims, proceedings, demand, or costs or

http://www.tandfonline.com/loi/gmcl17
http://dx.doi.org/10.1080/00268948708074520
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions


damages whatsoever or howsoever caused arising directly or indirectly in
connection with or arising out of the use of this material.

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

3:
10

 1
9 

Fe
br

ua
ry

 2
01

3 



Mu/ Cryr  Liq Crysr.. 1987. Vul 153, pp. 1-14 
Photocopying permitted hy license only 
0 1987 Gordon and Breach Science Publishers S.A 
Printed in the United Slates of Arnenca 

GENERALIZED FREEDERICKSZ TRANSITION IN 
POLYMER NEMATICS 

U. D. KIN1 
R a m a n  Research  Inst i tute ,  Bangalore 560080, India 

Abstract .  R e c e n t  theore t ica l  s tud ies  on t h e  re la t ive  occu-  
r r e n c e  of f ie ld  induced s t a t i c  per iodic  domains (PD) and 
homogeneous deformat ion  (HD) a r e  reviewed f o r  d i f fe ren t  
sample  a n d  field configurations. Apar t  f rom e n e r g e t i c s  
t h e  r e l a t e d  language of to rques  c a n  be employed to obtain 
a qua l i ta t ive  explanat ion of t h e  destabi l iz ing posi t ive feed-  
back mechanism (PFM) which causes  P D  to develop in 
mater ia l s  having high e l a s t i c  anisotropy. P D  m a y  be suppre- 
ssed  by a proper choice of field direct ion,  ini t ia l  d i rec tor  
or ien ta t ion  or d i rec tor  anchoring s t r e n g t h s  a t  t h e  bounda- 
ries; s imultaneous appl icat ion of a n  or thogonal  s tabi l iz ing 
f ie ld  may a l so  quench PD. In a s imple t w i s t e d  nemat ic ,  
P D  may occur  a s  one  of t w o  independent  modes  assoc ia ted  
with or thogonal  d i rec t ions  of periodicity. Solut ions remini-  
s c e n t  of PD resul t  for  biaxial n e m a t i c s  though in th i s  
case P D  may have a more  complex form.  When t h e  sample  
is  cyl indrical  and t h e  f ie ld  radial  P D  may resul t ,  depending 
upon t h e  initial d i rec tor  or ientat ion,  e i t h e r  as a s t a t i c  
Taylor instabi l i ty  or as a dis tor t ion whose a z i m u t h a l  var ia-  
t ion is governed by a dimensionless wavevec tor  taking 
integral  values. Though, in t h e  l imit  of weak d ie lec t r ic  
anisotropy and z e r o  e l e c t r i c a l  conduct ivi ty ,  analysis  f o r  
e l e c t r i c  f ie ld  induced P D  is s imilar  t o  t h a t  of t h e  m a g n e t i c  
case t h e  impor tance  of f lexoelec t r ic i ty  and non-local in te rac-  
tion of t h e  f ie ld  cannot  be ruled out. 

INTRODUCTION 

The anisotropic  e las t ic  proper t ies  of uniaxial n e m a t i c s  a r e  

adequate ly  descr ibed by t h e  Oseen-Frank cont inuum theory  

of c u r v a t u r e  e las t ic i ty  in which t h e  bulk e las t ic  f r e e  energy  

densi ty  Wv is wr i t ten  as a quadra t ic  in t h e  spa t ia l  g rad ien ts  

of t h e  unit d i r e c t o r  vec tor  f ie ld  n represent ing t h e  a v e r a g e  

1-7 . 
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2 U .  D. KIN1 

di rec t ion  of molecular  or ien ta t ion  a t  a n y  given point of t h e  

2' mater ia l .  W. also depends on t h e  e l a s t i c  cons tan ts  K l ,  
K correspo!iding, respect ivley to splay, twis t  and bend deforma-  

t ions 3f n. Sllitable t r e a t m e n t  of sample  walls c a n  help i m p a r t  

d i f fe ren t  d i rec tor  or ientat ions and also inf luence t h e  s u r f a c e  

d i rec tor  anchoring energy densi ty  \Vu; o n e  of t h e  s implest  and 

most widely used f o r m s  of \Vuwas proposed by Rapini and  Papou- 

lar. '-Io P e r f e c t l y  aligned n e m a t i c  samples  (with n = n  = con- 

s tan t ) ,  corresponding to n i n i m u m  f r e e  energy,  c a n  be prepared  

by sui table  t r e a t m e n t  of t h e  sample  boundaries. In such a sample  

t h e  director  field c a n  be  dis tor ted by applying a magnet ic  

field H which produces a disrupting torque  via t h e  d iamagnet ic  

susceptibility anisotropy x of t h e  nemat ic ;  e las t ic  res tor ing 

torques  enable  n to reach  a n  equilibrium configuration. When 

H is normal t o  t h e  p la tes  of a nemat ic  sample  with n paral le l  

to the p la tes  (splay geometry) ,  x a  > 0 and  K 1  not  much la rger  

than K 2 ,  H c r e a t e s  a destabilizing t o r q u e  by coupling with 

f luc tua t ions  in n - this leads to  t h e  f o r m a t i o n  of a splay dis tor-  

t ion  which is uniforrn in t h e  sample  plane (homogeneous distor- 

t ion,  HD) when IH I 2 HH, t h e  splay Freeder icksz  threshold. 

K l  and K3 c a n  be 

similarly eva lua ted  f rom o t h e r  geometr ies .  The oblique field 

configurat ion c a n  also b e  used ' '  by applying H in a p lane  normal  

to n * in this  case HD is a mixture  of more  t h a n  one  kind 

of fundamental  deformation.  

\I 

3 -  

0 

a 

0 

0 '  

can  be eva lua ted  by determining HH; K 2 

0' 

When Lonberg and Meyer'* s tud ied  t h e  polymer n e m a t i c  

(PN)  PBG in t h e  splay g e o m e t r y  they observed,  above  a well 

def ined field threshold, a dis tor t ion having per iodici ty  in t h e  

sample  plane along a direct ion roughly normal  to n t h e  ground 

state. Using t h e  @seen-Frank cont inuum theory  of uniaxial 

nemat ics  they showed1* t h a t  t h e  periodic dis tor t ion (PD) occurs  
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GENERALIZED FREEDERICKSZ TRANSITION 3 

in PNs l ike PBG due  t o  high elastic aniso t ropy  of t h e s e  m a t e -  

r ia ls  13’14’15 resul t ing f r o m  r a t h e r  unusual molecular  dimensions.  

In such sys tems,  as PD h a s  lower threshold t h a n  t h e  splay homo- 

geneous  deformat ion  (HD), t h e  convent ional  method of measuring 

t h e  splay c o n s t a n t  Y I  c a n n o t  b e  used. During t h e  last t w o  

y e a r s  s o m e  t h e o r e t i c a l  a t t e m p t s  have  been  m a d e  t o  s tudy  

t h e  o c c u r r e n c e  of P D  in d i f f e r e n t  conf igura t ions  and a l so  sugges t  

w a y s  In which P D  c a n  be quenched. A brief rev iew of t h e  

resu l t s  i s  p r e s e n t e d  below with emphas is  on qua l i ta t ive  under- 

s tanding.  

PLANAR ORIENTATION 

Consider  a rigidly anchored  n e m a t i c  in t h e  splay g e o m e t r y  

wi th  no=(l,O,O) b e t w e e n  p l a t e s  z = + h  a c t e d  upon by a m a g n e t i c  

f ie ld  H=(O,O,H 1; l e t  t h e  d iamagnet ic  anisotropy X > 0. Under  a 
per turba t ion  let n + n = ( l - B  / 2 - @  /2 ,@,8)  where  O,@ are func t ions  

of x,y,z. The total f r e e  energy  densi ty  v’/T is  given by 

2 2  z 

0 

w T = W H + w  +wc; 2WH = K tz-% Hz €I2 ; S 

wc = K e ,  4 -K e ,  9 - 
I 2  y 2 y ’ z  ’ 

(1) 2 2  2 2 
2Ws = K2(9,2 +O,y)+K 1 Y  9, +K3($?xx+8,x) 

w h e r e  9, =a$/az, etc. K 2 ,  K 3  a r e  t h e  t w i s t  and bend cons tan ts ,  

T respect ively.  T h e  t o t a l  f r e e  e n e r g y  FT is  t h e  in tegra l  of W 

o v e r  t h e  s a m p l e  volume. If we put 8 = e(z ) ,  @=$(z)  a n d  e x t r e m i z e  

WH with r e s p e c t  to 0,$ with t h e k i g i d  anchoring)  boundary 

condi t ions 

z 

O(+h) = 0 = $(+h) (2 )  

w e  g e t  t h e  HD (splay Freeder icksz)  th reshold  

HH = (qz/h) (Kl/Xa) 112 

with qz=n/2;  it is a lso found t h a t  + 0 for  H X H z H ’  

( 3 )  
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4 U. D. KIN1 

By asser t ing t h a t  t h e  n e m a t i c  undergoes P D  in p r e f e r e n c e  

t o  HD, we demand t h a t  (i) t h e  dis tor t ion above threshold must  

have  8 and i$ depending on both y and z; (ii) such a dis tor t ion 

must  have lower f r e e  energy  t h a n  HD. I t  i s  seen t h a t  w e r e  

to depend upon x, z a purely posi t ive contr ibut ion would 

b e  added t o  make  WT a lways  higher t h a n  WH. When 8 ,  4 a r e  

func t ions  of y, z, though a positive W is added to W H ,  c ross  

t e r m s  Wc a r e  also present ;  t h e s e  can,  in principle, bring down 

F T  t o  a level less t h a n  t h e  t o t a l  f r e e  energy  F f o r  HD via 

a negat ive contr ibut ion of suf f ic ien t  magni tude.  Figurat ively,  

Vf serves  as a conduit to c a r r y  away excess  f r e e  energy  associa-  

t e d  with a pure  splay HD i n t o  t h e  t w i s t  of PD. Equivalently, 

if t h e  director  c a n  bring down t h e  totaI f r e e  energy  by escaping 

o u t  of t h e  x z  p lane  via a twis t ,  t h e r e  must  exis t  a destabi l iz ing 

positive feedback  mechanism (PFM)22 which makes  8 unstable  

against  0. To see this, WT is  e x t r e m i z e d  with respec t  to  8 ,  
I$ to yield t h e  torque  equat ions  

S 

H 

c 

-re= K , e , Z Z +  K 2 8 , y y +  s H > +  k12$,yz+ K 3 8 , x x =  0; 

rI$= K ~ ’ z z + K L $ ’ y y t k 1 2 8 ’ y z +  K 3 b x x  = 0 7 (4) 

where  k I 2  = K I - K 2 .  The following points may be noted: (i) 

Assuming solutions periodic in x of t h e  f o r m  cos (q x) and  

sin (q x) f o r  8,$ respect ively,  leads t o  purely s tabi l iz ing torques. 

Hence,  x dependence  is ignored; t h e n  (4) go over  to  t h e  cor re-  

sponding equat ions of ref. 12. (ii) Eq.(4) suppor ts  two independent  

modes  with respec t  to z variat ion - 

X 

X 

Mode Y 1  : 6 even,  Q0 odd; Mode Y2:  B 0  odd, i$e even.  e 

(iii) For  e i t h e r  mode, when 8 ,$ a r e  per iodic  along y they a r e  

a l so  exac t ly  out  of phase. Mode Y I  is  

less energe t ic  than  Mode Y2. Solutions a r e  sought  f o r  Mode 

(iv) When K1* K2,  D
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GENERALIZED FREEDERICKSZ TRANSITION 5 

Y1 in t h e  f o r m ,  

(8,rd=(OA, re A ) C  4 2  C qY' * (@,r+)=(@A,r@,q)SqzSqy i 

S = sin qzz; S =s in  q y; C =cos qzz;  
q z  qY Y q z  

qY Y =cos q y ;  'A9 qy ,  q z >  ( 5 )  

without  loss of general i ty .  One finds from ( 4 )  t h a t  8 g ives  

- k126Aqyq, such  t h a t  $A- r i s e  t o  a @ via  t h e  torque r 
if 

@A 
k I 2  BAqyq,/(K q i + K 2 q z ) > 0  2 
t h e  torque  r M  ( 11) - -k12@Aqyqz < 0 which, having t h e  s a m e  sign 

2 2 r$! - (KIqZ+K2q;)OA a n d  r @A - 

k I 2  > 0. The @ ,  in tu rn ,  causes  

2 as t h e  destabi l iz ing magnet ic  to rque  $*)- - x a H Z  O A ,  f u r t h e r  

enhances  t h e  original 8 ; t h e  PFM is  completed.  The  purely 

restor ing e l a s t i c  to rques  

8A 

( 2 )  

- ( K 2 q Z + K  q ) @A e n s u r e  a threshold for PD. The following 

points  become clear: (i) For  PFM to work,  k I 2  > 0. (ii) The  

par i ty  of per turba t ions  is  such t h a t  if eA > 0, @ A >  0. (iii) The  

magnitude of I?(') 6A - @A; la rger  t h e  $A, g r e a t e r  t h e  destabi l iza-  

tion. Using t h e  above a n s a t z  and in tegra t ing  Wc over  z(-h,+h) 

and  y(0, TI /q * half t h e  wavelength or o n e  domain width) o n e  

f inds t h e  energy  Fc assoc ia ted  with t h e  c ross  terms:  

I Y  

Y' 

Fc- - k I 2 < +  (K1+K2) sin 5;  < =  2q Z h . ( 6 )  

When 8 is rigidly anchored, 5 - n ;  then  F c <  0 if k I 2 >  0. Thus 

t h e  cross  t e r m s  a r e  found to make  a negat ive  contr ibut ion 

towards  F T  when 8 is rigidly anchored. E x a c t  numer ica l  calcula-  

tion" shows t h a t  when 

K /K < a ;  ~ 0 . 3  ( 7 )  
2 1  

t h e  P D  threshold HZP < HH and t h e  domain wave v e c t o r  at  

P D  threshold q $0. When K 2 / K I  + a ,  Hzp+ HH and q -+ 0 
so t h a t  f o r  K /K > 4 H D  is more  favourable  than  PD. P e r t u r b a -  
t ion  analysis  around t h e  c r i t i ca l  point 17,18920 yields t h e  more  

YC YC 

2 1  

e x a c t  expression 
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6 U. D. KIN1 

(8 1 

I t  has been recognized16-18 t h a t  PD c a n  occur  in a sys tem 

with K > K (for instance,  a nemat ic  close to  a s m e c t i c  t ransi-  I 
tion) 3937 when H=(O,H ,O). In th i s  case, HZ=O in ( 4 )  and t h e  

2 ,  t e r m  x H @ IS  added t o  r I t  tu rns  out  t h a t  Mode Y has  lower 

threshold than Mode Y I .  D u e  to  a s y m m e t r y  t ransformat ion  

linking t h e  t w o  cases of H and  HZ fields, t h e  Node  Y 2  thre-  

shold H f o r  K a / K I  = a1 is ident ical  t o  t h e  Mode Y I threshold 

HZP for  K I / K 2 =  aI ;  t h e  threshold wavevec tor  in both cases 
is  t h e  same.  

2 = r ~ ~ + & ~  -8 ;  p =  (T! m-1 . 

Y 
a Y  4). 2 

Y 

YP 

E f f e c t s  of d i f fe ren t  p a r a m e t e r s  OR t h e  re la t ive  o c c u r r e n c e  

of PD and HD will b e  summar ized  below for planar or ientat ion.  

Anchoring Energy 

The Rapini-Papoular expression for  t h e  s u r f a c e  energy  den- 

sity8-10 for a nemat ic  in t h e  splay g e o m e t r y  is 

4 '  5+ t w i s t  
where  E e ,  Be a r e  splay anchoring s t rengths  and B 

anchoring s t rengths ,  respect ively.  I t  i s  convenient  t o  consider  

s y m m e t r i c  anchoring such t h a t  

Be = %,; B+ = %* . (10) 

17-*0 t h a t  as B e ,  B d e t e r -  Using (9) and  (10) and ( I )  i t  i s  found 
6 

mine  boundary conditions the i r  re la t ive  magnitudes c a n  grea t ly  

a f f e c t  t h e  re la t ive  field magnitude R H = H Z p / H H  as well as 

. Resul ts  go over  to t h e  rigid anchoring limit (2) only when 

B8 , B +  a r e  la rge  enough. HH is given by (3) with qZ=qZ(B8 ); 

a r e  decreased ,  Hzp 

and  q also diminish. However ,  t h e  r a t e s  of d e c r e a s e  of HZP 

and  HH vary so t h a t  anchoring energy c a n  be used as a tool 

qYC 

qz + 0 as Be-+ 0. Similarly, when Be ,  B 
4 

YC 
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GENERALIZED FREEDERICKSZ TRANSITION 7 

f o r  controlling t h e  domains of ex is tence  of P D  a n d  HD. In 

par t icu lar ,  a (Eq.7) becomes a func t ion  of B ,B 
8 4- 

When B is held cons tan t  at a high va lue  for a given m a t e -  

Z P  
r ia l  and B is diminished, HH remains  unchanged while H 
decreases .  A slackening of anchoring on (s aids  t h e  format ion  

of P D  a lbe i t  with a la rger  domain s ize .  In t h e  l imit  of B + 

0, c1 increases  f r o m  =: 0.3 t o  0.5. 

e 
(s 

(s 

When, for  a given mater ia l ,  B 
(s 

ZP 

is  la rge  ((s f i rmly  anchored)  

a n d  Bo i s  diminished, bo th  H and  HH decrease.  However  

t h e  r a t e  of d e c r e a s e  of H is slower t h a n  t h a t  of HH as P D  

is associated with a n  e x t r a  d e g r e e  of f reedom which is f i rmly  

anchored.  When B e  becomes  suff ic ient ly  small, HZP + HH and 

+O; f o r  suff ic ient ly  weak  anchoring of 8 ,  HD should b e c o m e  

m o r e  favourable  than PD. This case corresponds to  r, + 0 in 

(6); in this l imit ,  Fc + 0 showing t h a t  t h e  cross  t e r m s  m a k e  

a negligible nega t ive  contr ibut ion.  Needless  to  say, c1 d e c r e a s e s  

f r o m  (8) when Be is diminished. 

Z P  

qYC 

Oblique Field 

H=(O, H t h e  f ie ld  is  appl ied 
obliquely in t h e  yz plane making angle  6 with z axis. WT is 

given by ( I )  with -x H (S (s+C 8 ) replacing -XaH;O2 in 2WH. 

In t h e  torque  eqns. (4) w e  rep lace  x a H Z B  by x H (S 8 +$ 0 ) C 5  

and add  xaH; (SgO+ C 8)s t o  r Clear ly ,  t h e  l imi t  <+O leads 

t o  t h e  case of t h e  H field. Put t ing  8 33 (z), 4 =(s(z), ex t remiz ing  

W H  with respec t  to 8 ,  c) and using (2)  t h e  HD threshold for  

rigid anchoring is found to  be HNH(5)=(n/2h)[K K /x (K S2 + 

K2Ci)]1/2; for HN X H N H ,  H D  i s  assoc ia ted  with e v e n  e e  a n d  

16,18,19 
'e 

H C ); S -s in  5; C5 = c o s  5 ;  N%' N 5 5 -  

2 2 

a N 5  5 2 2 
a N 5  

5 5  4 
Z 

1 2 a  1 5  

The effect of oblique field on P D  is  q u i t e  d i f fe ren t .  
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8 U. D. KIN1 

Though for 5 + 0 t h e  PD threshold HNp(S) + Hzp, f o r  6 40,  i t  
is not  possible to  have a p u r e  modal. deformation.  The dis tor t ion 

is a superposition of Modes Y I  and  Y2 with e=ee(z)C + B  (2)s * 

@ = $ J ~ ( Z ) S  + @,(z)C The effect of mode mixing is  to increase  
t h e  e las t ic  f r e e  energy of P D  w r t  t h a t  of HD by adding t h e  

higher energy Mode Y 2  t o  PD; obviously, when 5 is  increased 

f r o m  zero, t h e  proportion of Mode Y 2  a lso  increases  so t h a t  

RH( F)=HNp( 5) /HNH(5 ) increases  and  t h e  domain wavevec tor  

q ( g  decreases .  When 5+$(K1,K2), RH(S)+ 1 so t h a t  HD should 
b e  observable f o r  <>$. For PBC1?"15 with Kl:K2:1<3::11.4:l:13, 

is a n  increasing funct ion 

qY 0 qY' 
9Y 4Y' 

YC 

5, w 0.35 radian. Needless t o  say 5 
C 

of K , / K ~ .  

OBLIQUE ORIENTATION 

L e t  t h e  nemat ic  be obliquely or ien ted  in t h e  sample  such t h a t  

no=(C O_<'p( n/2. In addition, l e t  n be 

rigidly anchored at t h e  sample  boundaries z=_+h.  The field H= 
HN(-S 0, C ) acts in t h e  x z  plane and is normal  to  no. Under  
per turbat ion,  no+ n=(C -S9Q @, S +C 0 ) .  Expressions f o r  W T  

'p 'p 
and torques  c a n  be set up as in TI) and (4); t h e s e  a r e  found 

to  contain addi t ional  t e r m s  depending on  K3 a p a r t  f r o m  coeffi- 

c i e n t s  which a r e  funct ions of 'p. If €I = 0 (z), + = @  (z), t h e n  

0, S ); 'p= constant ;  
'p' ip 

'p' 'p 

a t  HD threshold HNH('p) = (n/2h)[(K 

When 8 ,  @ a r e  func t ions  of y,z ,  PD i s  found t o  have t h e  s a m e  

symmetry  as Mode Y , .  Using t h e  a n s a t z  ( 5 )  one  c a n  l o c a t e  

a very s imilar  PFM which should cause  Mode Y 1  PD. However, 
2 2 2 2  t h e r e  a r e  some changes; $A- k12C'pqyqz8A/[K1qy+(K C + K  S )q ] 

showing t h a t  @A decreases  when K3 o r  'p is  augmented.  The 

reA- -k C q q @ a lso  decreases  when destabilizing torque  

K 3  o r  'p is enhanced. The f r e e  energy  Fc('p) assoc ia ted  with 

t h e  cross  t e r m s  - C Fc(0) where  Fc(0) i s  given by (6). As 'p 

is increased,  F (v) makes  less  negat ive contr ibut ion.  The  effect 

2 ' p  3 ' p z  

(1) 
1 2 c p y z A  

'p 

C 
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GENERALIZED FREEDERICKSZ TRANSITION 9 

of al l  this  increases  t h e  P D  threshold HNp(cp) a t  a r a t e  f a s t e r  

t h a n  HNH(cp) when cp or K 3  is increased;  th i s  a l so  decreases  

t h e  PD threshold wavevec tor  q (cp). E x a c t  numer ica l  ca lcu la t ion  

shows t h a t  when cp -+ (Pc(K 1,K2,K,), HNp( cp) -+ HNH(q) a n d  

qyc((p) -f 0; HD should be possible f o r  cp > y. cpc increases  when 
K I / K 2  is increased  or when K3/K2 is decreased.  For PBG, 

cpc= 0.9 radian. 

16,19 YC 

CROSSED ELECTRIC AND MAGNETIC FIELDS 

I t  has  been suggested18 t h a t  t h e  e f f e c t  of a n  e l e c t r i c  field 

E=(O,O,EZ) on P D  is analogous to t h a t  of t h e  HZ f ie ld  in t h e  

splay g e o m e t r y  for  a non-conducting nematic;  we  rep lace  

- % H i 6  in (1) by -E E 6 / 4 ~  where  E~(>O) is t h e  d ie lec t r ic  suscept i -  

a as bility anisotropy. Such analogy is r e s t r i c t e d  to smal l  E 

will be  discussed la te r .  I t  a lso s e e m s  possible" t h a t  s imulta-  

neous  appl icat ion of E and H=(Hx,O,O) may quench PD f o r  

H x >  a cr i t i ca l  value H (K ,K ) if x > O .  In th i s  case one  adds  

t h e  s tabi l iz ing torques x H 6 a n d  -x H 4 t o  and r p  respect i -  a x  a x  
vely. The clamping of 4 by H reduces  t h e  ampl i tude  of to 

s e n c e  of H also adds a positive contr ibut ion -x H2(e2+$)/2 

t o  t h e  P D  f r e e  energy. Consequent ly ,  t h e  P D  threshold EZP 

increases  f a s t e r  than  t h e  HD threshold EZH=[(4n K1/ Eah2) 

{(2/4)+(x ah2H:/K I )  1 when H is increased so t h a t  when 

Hx -f Hx,(K1,K2), EZp(Hx)-+ EZH(Hx) a n d  q (H ) -+ 0; f o r  Hx> 
HD should be observable. Clear ly ,  Hxc is a n  increasing 

funct ion of Kl/K2.  One c a n  also e x p e c t  a d e c r e a s e  of EZP w r t  

when a field (0,H ,0) is applied with H < t h e  twis t  F r e e -  

der icksz  threshold. 

2 
a z  

3 x c  2' 2 

2 
X GA - k I 2 6  AqyqZ/(K,qy+K2qZ+ 2 2  xaHx) a n d  subdues PFM; t h e  pre- 

a x  

X 

YC x 
HXC, 

E ~ H  Y Y 

I t  is diff icul t  to  think of e l e c t r i c  f ie ld  effects in n e m a t i c s  

without  considering flexoelectricity. 6923924 One of t h e  main 
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10 U. D. KIN1 

effects of f lexoelect ic i ty  is t o  introduce la rge  e las t ic  anisotropy 

for  cer ta in  configurations.25 AS e las t ic  anisotropy is a n  impor- 

t a n t  f a c t o r  in de te rmining  t h e  re la t ive  o c c u r r e n c e  of PD and  

HD, it s e e m s  necessary to  include f lexoelec t r ic i ty  in a theore t i -  
cal study. Another  impor tan t  f a c t o r  is t h e  non-local effect 

of E.6’26 The d i rec tor  per turba t ions  c a u s e  a f luc tua t ion  E‘ 

in E. The effect of E’ m u s t  be  considered fully by including 

i t  in the  f r e e  energy densi ty  (1). These invest igat ions will be 

repor ted  separa te ly  . 
SIMPLE TWISTED NEMATIC 

The ground state is n =(cos  Tz,  sin Tz,  0) be tween p l a t e s  z = + h  

such t h a t  T = y / h ;  0 5  y <  n/4. Under  t h e  ac t ion  of H=(O,O,H ), 
0 

HD threshold27 is  given by HZH = [{ K 1 ~ 2 + 4 y  2 (K 3-2K2)}/4h2 xa11f2. 

With per turba t ions  8 , $ ,  no + n = [cos(Tz+$)cos B,sin(Tz+$ )cos0 , 
sin 0 3; torque equat ions c a n  be set up and  solved with sui table  

boundary conditions. I t  is found t h a t  P D  c a n  occur  (as  one  

of t w o  modes) with lower threshold t h a n  HD over  c e r t a i n  ranges 

of parameters .”  A s  n =(1,0,0) a t  z=O, i t  is possible to think 

of t w o  independent P D  modes: (i) Mode Y wi th  €I,$ having 

t h e  s a m e  s t r u c t u r e  as in t h e  planar un twis ted  case and  periodi- 

c i t y  along y; (ii) Mode X I  with per iodici ty  along x a n d  having 

both 0 ,+ even. 

0 

I 

For  rigid anchoring, y t h e  ground state twis t  and  K 3  a r e  

additional parameters .  The ex is tence  of Modes X a n d  Y 1  de- 

pends cr i t ical ly  on t h e  magnitudes of y ,K  ,K ,K Mode Y 1  

is  found to prevai l  when K I / K 2  is high a n d  y, K /K a r e  small. 

Mode X I  IS  found to be favourable  when y is la rge  and  K 1  smal l  

compared  t o  K3. Thus, in PBG, Mode Y should ex is t  over  

a l m o s t  t h e  e n t i r e  y range while in TMVj5 Mode X I  should 

prevai l  over  a broader  y range. A s  Mode X I  d o e s  n o t  conform 

1 

I 2 3’ 

3 2  
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GENERALIZED FREEDERICKSZ TRANSITlON 1 1  

to  t h e  s y m m e t r y  of n t h e  Mode X 1  domain s i z e  is found 

to be general ly  larger  than  t h a t  of Mode Y I .  Variat ion of y 
f o r  a sui table  mater ia l  m a y  resul t  in crossover  f rom Mode 

Y I  to Mode X I  o r  vice versa. Such a crossover ,  accompanied  

by changes in t h e  direct ion of per iodici ty  and  domain size, 

may be experimental ly  observable. 

0' 

When anchoring is weak,  t h e  thresholds  and domain sizes 

of both PD modes  depend on t h e  addi t ional  p a r a m e t e r s  Be and 

B .28 In par t icu lar ,  a d e c r e a s e  in B a ids  (de te rs )  t h e  format ion  

of Mode Y I  (Mode X ); a diminution of Bo is  helpful (detr imen-  

t a l )  t o  t h e  format ion  of Mode XI (Mode Yl) .  However ,  when 

B is very small  and y not  large it s e e m s  possible to  suppress  

both P D  Modes; HD should be observable. Resul t s  f o r  t h e  twis ted  

n e m a t i c  case c a n  be qual i ta t ively explained as in t h e  case 

of t h e  planr untwisted sample. 

@ 4 
I 

0 

BIAXIAL NEMATIC 

A f t e r  t h e  f i r s t  discoveryz9 of t h e  biaxial n e m a t i c  (BN) phase 

o v e r  a narrow thermodynamic range in a lyotropic  sys tem,  

Saupe3' genera l ized  t h e  Oseen-Frank theory  to  descr ibe  t h e  

e las t ic  f r e e  energy  density of a n  or thorhombic BN as a quadra t ic  

in t h e  grad ien ts  of t h r e e  or thonormal  d i rec tor  f ie lds  a, b, c 
a n d  depending upon twelve  e las t ic  coeff ic ients .  T h e  subsequent  

discoveries  of a thermotropic  BN31 and  of t h e  probable  opt ica l  

biaxiality of cer ta in  polymer sys tems 32'33 make i t  necessary  

to inves t iga te  whether  solutions corresponding t o  PD a r e  possible 

in  BN. 

Torque equat ions  wr i t ten  using Saupe 's  theory  in t h e  small  

deformat ion  l imit  do not  rule  out  t h e  possibility of a uniformly 

al igned BN with one  d i rec tor  field normal  to t h e  p la tes  z = k h  

and  field along z, undergoing a grid-like instabi l i ty  with periodi- 
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12 U. D. KIN1 

c i t y  along x and y. Due  t o  t h e  large number  of f r e e  parameters ,  

an analysis of th i s  case becomes  diff icul t .  When a simplifying 

assumption is m a d e  t h a t  per iodici ty  is  a long x o r  y, t h e  torque  

equat ions t a k e  a f o r m  isomorphic  to  (4). I t  c a n  t h e n  be shown 

t h a t  PD should be more  favourable  than  HD over  c e r t a i n  ranges  

of t h e  e las t ic  constants28 f o r  rigid anchoring of d i r e c t o r  fields. 

CYLINDRICAL GEOMETRY 

I t  is known 34'35 t h a t  a uniaxial n e m a t i c  a l igned suitably be tween 

coaxial  cyl inders  of radii R , , R 2  undergoes HD when t h e  magni- 

t u d e  of t h e  impressed radial  f ie ld  HR=(A/r,O,O) is suff ic ient ly  

high (A=constant). In par t icular ,  when t h e  initial a l ignment  

is az imutha l  (n =n  =0, r,Y,z a r e  cyl indrical  polar coordi- 

na tes ;  z is t h e  common axis  of t h e  cylinders) t h e  d i rec tor  

may undergo HD spontaneously, even  in t h e  absence  of field, 

when t h e  radial  ra t io  R Z I = R , / R  e x c e e d s  a geometr ica l  thre-  ' 1  
shold (GT). T h e  ex is tence  of GT c a n  be  t r a c e d  to t h e  global 

deformat ion  energy - K31n(R21) which c a n  be diminished by 

a dis tor t ion which brings in t h e  smal le r  splay cons tan t  K1. 

When t h e  initial a l ignment  is axial (n = n y  =0, n =l) ,  GT d o e s  

n o t  exis t  as t h e  d i rec tor  field is not  globally dis tor ted.  

ny,=l; r z  

r z 

I t  is s t ra ight forward  to  guess28 t h a t  when K1 >> K 2  a n d  

t h e  initial a l ignment  az imutha l ,  H R  should produce PD with 
36 modulation along z similar in f o r m  to t h e  Taylor instabi l i ty  

in isotropic liquids. F o r  c e r t a i n  ranges  of m a t e r i a l  p a r a m e t e r s ,  

PD even  possesses GT lower than  t h a t  of HD. When t h e  ini t ia l  

a l ignment  is axial ,  HR c a n  induce  PD with modulation along Y 
with a dimensionless wavevec tor  q which is  a measure  of t h e  

number of domains and h e n c e  integral .  When m a t e r i a l  para-  

m e t e r s  and R 2 ,  a r e  var ied , qyc exhibi ts  d i scre te  jumps remini- 
37  s c e n t  of t h e  Barkhausen e f f e c t  in f e r r o m a g n e t i c  mater ia ls .  

Yc 
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GENERALIZED FREEDERICKSZ TRANSITION 13 

D e s p i t e  t h e o r e t i c a l  compl ica t ions  t h e  e f f e c t  of a rad ia l  e l e c t r i c  

f ie ld  may be exper imenta l ly  convenient .  

In conclusion, t h e  cont inuum t h e o r y  ind ica tes  d i f f e r e n t  

methods  f o r  encouraging and  discouraging t h e  format ion  of 

P D  in P N s  of high e l a s t i c  anisotropy.  P D  may also a p p e a r  

in d i f fe ren t  f a r m s  depending upon sample  a n d  f ie ld  configura-  

t ions.  I t  may be in te res t ing  to  c h e c k  t h e s e  resu l t s  exper imen-  
22 ta l ly .  In t h e  s t a t i c  l imi t  t h e  well  known torque  formal i sm 

indica tes  t h e  PFEA which c a n  m a k e  P D  m o r e  favourable  t h a n  

HD over  c e r t a i n  ranges  of parameters .  A c o m p l e t e  discussion, 

however ,  would involve viscous effects. 
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